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mass separation of disparate mass particles. When these problems
are minimized, the error can be 5% for relative concentrations of
major species. This is the same level of accuracy that can be
achieved by most shock tunnel instrumentation and is superior to
other methods of species concentration measurements. At a cost
much less than that of most optical systems, the time-of-flight mass
spectrometer is a viable addition to the range of diagnostic tools
for short duration aerodynamic testing.
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Lamination Parameters for
Reissner-Mindlin Plates

Joachim L. Grenestedt*
Royal Institute of Technology, Stockholm S-100 44, Sweden

Introduction

SAI and Pagano! introduced 12 parameters—called lamina-

tion parameters—to express plate stiffnesses of laminated
composite Kirchhoff plates. These parameters considerably sim-
plify design and optimization of thin composites compared with
using layup angles and thicknesses of discrete plies in a laminate.
A layup gives a unique set of lamination parameters, but many
layups might give the same set of lamination parameters. The lam-
ination parameters fully describe the plate stiffnesses, and they can
therefore be used as design variables for structural design and opti-
mization. Examples can be found in Miki®? and Grenestedt.* By
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using these parameters rather than ply layup angles and thick-
nesses, the major problem of local optima during optimization is
often overcome. The stiffnesses are linear in the lamination param-
eters, the range of the lamination parameters is convex (see
Grenestedt and Gudmundson®), and a number of optimization
problems therefore become convex (see Svanbergﬁ). Further, all
physically possible layups are simply included in the analysis with
just a small number of parameters. The purpose of the current Note
is to derive lamination parameters for kinematically nonlinear
small strain, medium rotation shear deformable Reissner-Mindlin
type”® plates. For the sake of completeness, the Reissner-Mindlin
equations as well as the Tsai and Pagano lamination parameters
are derived in the following sections.

Governing Equations of Laminated
Reissner-Mindlin Type Plates )
In the following, Einstein's summation convention is used.
Greek indices run from 1 to 2 and Latin from 1 to 3. Cartesian
Lagrangian coordinates x; with the x3 axis perpendicular to the
undeformed plate middle surface are introduced. The displacement
field is assumed to be

Uy (Xy, Xp, X3) = By (X, X,) + x50, (xy, X,) W

Uy (Xq, X, X3} = 03 (X, X,)

where u; are displacement components, and %, are middle surface
displacement components. The Green-Lagrange strain tensor is,
when gradients of in-plane displacements are assumed small,

0
€op = €op +x3KaB 2
where
0 _ _ _
Cup = (”a,ﬁ +0ig o+ By ol B) /2 3)
Kop = (Goc,B + GB, o2
and
€y = (173’a+ 0,)/2 )

As constitutive relation, elastic behavior with a strain energy per
unit plate surface area

0
W( €apr €o KaBJ (&)

Fig.1 Notation and sign conventions for the plate variables.
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Fig.2 Coordinates and ply orientation.

is assumed. Forces and moments per unit length, conjugate to
strains and curvatures, are

af a_VV_ a_ﬂ/_ ap _ OW
R AR
af

See also Fig. 1. It is common in composite material mechanics to
use a linear relation between Cauchy (true) stress and infinitesimal
strain of the material in a single point of a ply. When small strain
and arbitrary rotation are assumed, second Piola-Kirchhoff stress
equals back-rotated Cauchy stress, and Green-Lagrange strain
equals infinitesimal strain for the deformation without rotation. A
full three-dimensional linear constitutive relation between second
Piola-Kirchhoff stress 7% and Green-Lagrange strain is thus
assumed:

TV = ¢, 7

where because of the symmetry relations C k= CJik = M there
are in the most general setting 21 independent elastic moduli. This
Note concentrates on common composite material reinforcements
such as unidirectional and fabric, for which some simplifications
are appropriate. Assuming that the plane perpendicular to the x;

axis is a plane of material symmetry, the following moduli are
Zero,

C1113= C1123: C2213= C2223= C3313= C3323= C 1213 C1223= 0 (8)

independent of rotation about the x; axis. By assuming that one
more plane, perpendicular to the x’| axis in Fig. 2, of material sym-
metry exists, the ply becomes orthotropic, and the following mod-
uli are also zero:

C1M2 2 01222 _ (1233 _ 1323 _ ) 9)

Primed stiffnesses relate to the rotated coordinate system. Equa-
tions (7-9) define the constitutive behavior of the composite mate-
rial plies currently considered. The plate consists of a number of
plies oriented at different angles and stacked together.

Assuming that the stress perpendicular to the plate surface in
each ply is negligible,

T3=0 (10)
the through-the-thickness strain is determined by Eqs. (7) and (8),

c 33(1[58

_ op
€3 =~ C3333 an

By putting this into Eq. (7), a constitutive relation of the following
form is obtained:

5 Caﬁ33cyé33 5
T(XB — [CCXBY _ C3333 675 — QOCB'Y eya (12)

(13)

where Eq. (8) has been used. Equation (12), which defines the
stiffness tensor O®F*® is the same constitutive relation as for a
material under plane stress conditions, i.e., when T*3=0.

An approximate strain energy of a laminated composite plate
can now be obtained by integration through the plate thickness A,
using the kinematics according to Egs. (2) and (3),

12y 1 2

W = 3 I—h/ZT e, dxy=>

off o3
5 _m(T eqp + 2T ea3) dx,

1 ¢hi2 afyd o3B3
=3 J.—h/Z(Q €aplys T 4C €u3€p3 dx,

1 ,opys 0 O
=3 A €y

ofyd 0
vt B €upKys

1

+5 D™ ok 5+ kAP e e (14)

2 B3

The approximation in the beginning is due to assumed small (neg-
ligible) through-the-thickness stress 733, The shear correction fac-
tor k, which is introduced to correct for nonconstant shear stress
distribution through the plate thickness, is here assumed to take the
same value as introduced by Reissner,

k=5/6 1s)

Formally, the last equality in Eq. (14) is true only for £=1.
Whitney 1 has elaborated on other expressions for shear correc-
tion factors and used two & factors. Currently, however, Eq. (15) is
adopted.

The plate stiffnesses in Eq. (14) are

hi2
(Aotﬁyﬁ’ BOLBYS’ Daﬁyﬁ) — th/z(l’ X3 xi)Qaﬁyﬁ dx, (16)

2
A% =2 P dx, a7
—hf2
With the preceding strain energy, the constitutive relation of the

plate can be written

N = AP0 4+ BTk
off oapyd 0 afyd
M™ =B e+ D" ks (18)
0% = kA" ey,

Now consider a plate with either kinematic 1‘4’:‘ and 6”; , dynamic
T*%, 0*, and M*", or mixed boundary conditions on the bound-
ary I'. Then by the principle of virtual work,

| (N“E'Se‘;ﬁ + M P35+ 2Qa8e3aJ ds

= [p'on, as + [ 7*°6m, + 0 51, + egh 50, Jar a9

where sg is the two-dimensional permutation tensor. The integra-
tion in the right side is performed in the undeformed configuration
since infinitesimal surfaces in the deformed and the undeformed
configurations have the same area within the current approxima-
tion, independent of whether the surface is parallel to the plate
middle surface or if it is on the plate edge.

The following equilibrium equations and dynamic boundary
conditions are generated by Eqs. (3), (4), and (19),
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NaB’ﬁ 4 pa =0
M“B,ﬁ _ QB =0 20)
Qa’a + [(NaBES,B)a:I + P3 =0
and
Ny =T
M*Pny = M*Peg @)

Q%n, + [N ng Uiy p) = 0"

By neglecting quadratic terms in the strain, i.e., by letting
0 - -
eop = (Ty g+1ig 4) /2 (22

in Eq. (3), the terms within square brackets in Egs. (20) and (21)
vanish, and a linear problem is obtained.

Expressing the Plate Stiffnesses Using L.amination
Parameters—Old Results
This paragraph presents the results of Tsai and Pagano! con-
cerning lamination parameters for laminated Kirchhoff plates. The
different plies constituting the Bla%e are generally rotated different
angles about the x5 axis. The Q P¥® stiffnesses are transformed as

g D5, Dy B, O
oxy dx, ox\ dxy

0" =0

(23)

where, according to Fig. 2, for the rotation ¢ = @(x;) of a ply about
the x5 axis,

’ ’ s
Xy X{CO8 @—x, s @

(24)

e ’
X, = Xxysin @+ xjcos @

Observe that ¢ generally varies with x3. As an example of the
stiffness transformation,

111 111 4 12 2 2 1212 2 2 1 4
o =0 420 TS +4Q T s+ Qs

= U, + Uyc0820 + U;cos40 (25)

where ¢ =cos @ and s =sin @. The material constants U~U, are

42222

(3Q'1111 +3Q72 120" 4 4Q"2’2)/s
(Q/llll—Q
- (Q,llll + Q'zm—2Q'”22—4Q’1m)/3

1212
L= (Q,llll + Q,zzzz +6Q'1122—4Q' )/8

n

—

,222

)12

S

(26)

SEECERCERS

1112 1222

In Eq. (25) the facts that Q s = o =(), derived from Egs. (9)
and (12), were used. All Qm[SY stiffnesses are determined similarly,

Q0 = U, +Uycos2¢+ U,cos 40, Qim =0
0% = U,~U,cos 2¢ + U,cos 49, 0" =0,
0" = U,~U,cos 40, 0" =0,
Q1212 - (1/2)(U1~ U,)-U,cos 40, sz = 0
0" = (1/2)U,sin 2¢ + Usin 49, 0™ =0, @D
Q1222 = (1/2) U,sin 2 ~U,sin 4o, Q2222 =0,

The tensor comporients are given to the left; the right-hand nota-
tion is common in the composite material society. Now, the plate
stiffnesses can be written as follows:

1111 A A
A= U Ukl 4 ULES,

%2222 A A
A = U-UE + UL, .,
1212

111
AxI2 U4—U3§;, A=A, ATT=Ag
1112 1222
A=, APP=a,, (28)
A2 12 (UI—U4)—U3§/; ’ 16 2
nn_, A2y
%1112 A A 1z 2
A¥ T =(112) U, &5 + ULES,
222 4 A
A*1 =(1/2) U2E_,3—U3§4,
1111 B B
B* = Uk +U,E,,
222 B B
B¥ = —U,E + UsE,,
B*1122= "‘USE_,ZB, B””:B“, 1212=BGG,

B
1112,
%1212 B B =B, B=By, (29)
B = -Us&;
B'2_p B
122

B*"?= 120,82 + UED,

2 B B
B*= 1/2U2&.>3 - U3§4 ’

p*"= U+ UEP+ULEY,

D D
= Ui=U85 +Usg,
p*I2_ U4—U3Y;f, D =D, D1212=D66,
p"=p  p2-p _ (30
P 12(U,-U,) —U@f, 16 26

D*'"= (12)U, 7 + ULEL,

p*i22_ (1/2)U2§? _ UJ;?,

The normalization is

AROPY_ 1 0B

xopys _ 4 LoBys
; , B =—B

s

D*“BYazi%Daﬁ'ya (31)

These results were derived by Tsai and Pagano'; the various & are
the 12 lamination parameters,

g’(‘uy 34 =% le (cos 2¢, cos 49, sin 29, sin 4¢) dz*
éfl, . =j_11 (cos 29, cos 49, sin 29, sin 49) z* dz*  (32)
2;1()1’2) 4= % J._ll (cos 2, cos 4@, sin 2¢, sin 4¢) z+* dz*

where z*=2x4/h is the normalized through-the-thickness coordi-
nate. The material in all plies must be the same (intralaminar
hybrids may be allowed, but interlaminar hybrids are generally not).

Expressing the Plate Stiffnesses Using Lamination
Parameters—New Results
The plate shear stiffnesses are

B _ o fn2 (383 _ w2 9%a 9%p 1383 ‘
AT = 2‘[* wC %= 2.[— h2 9x;, OX% Ay 69
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which by the rotation, Eq. (24), are transformed into

hi2 ,1313 2 42323 2
=2 j P (C +C7%s% du,

=h (C,1313 + C,2323) + (C,1313 C,2323) '[h/Z cos Z(P dx3

hi2
- 2.";,22/2 C,1313 2 C,2323 2) dx3 (34)
=h (C,1313 + C,2323) (C,1313 C,2323) J'hZZCOS 2(P dx3

1313 2323
= ZJIhZZ(C —C" ) sc dxy

= ("o j M2 sin 20 di,

. /1323 .
where ¢ =cos ¢ and s =sin ¢ and the fact that C =0, according

to Eq. (9), was used. The integrals are recognized as two of the in-
plane lamination parameters, and the relation between the plate
shear stiffnesses and these parameters is

A1 (C,1313 +C,2323) + (C,1313_C,2323) &?

A*22 - (C,1313 + C,2323) _

(C,1313 _ C,2323) &? (35)

®12 _ 1313 2323 ¢4
A = (PP g
where the normalization is

4¥oP o 1 4o (36)
h

Thus, according to Egs. (28-30) and (35), all plate stiffnesses
needed for the Reissner-Mindlin type plate theory are expressed by
the same lamination parameters as those used in classical lamina-
tion theory with Kirchhoff kinematics.

Apart from the four material parameters U;~U,, two new mate-
rial parameters must be introduced, the shear stiffnesses C’

and C'”% . For certain reinforcements, such as unidirectional,
only one new material parameter is needed. Unidirectional plies
are usually assumed to be transversely isotropic in the plane per-
pendicular to the x] axis, (see Fig. 2); the following moduli are
then dependent:

C ,3333 ,2222

=C C,1133 _ C,1122 C,1313 _ C,1212
= y = , =

,2323 = (C,ZZZZ_C,2223) 2 (37)

Then according to Egs. (9), (12), (26), and (37),

e Uy-U
=" = oy, (38)

3

Summary and Conclusion
The usage of Jamination parameters for layered composite mate-
rial plates has been extended from Kirchhoff kinematics to shear
deformable Reissner-Mindlin kinematics.
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